Based upon thermodynamic ideas, two new derivations of the Planck blackbody spectrum are given within classical physics which includes classical zero-point radiation. The first and second laws of thermodynamics, applied to a harmonic oscillator or a radiation normal mode, require that the canonical potential φ(ω/T ) is a function of a single variable corresponding to the ratio of the oscillation frequency to the temperature. The second law of thermodynamics involves extremum ideas which may be applied to thermal radiation. Our first derivation of the Planck spectrum is based upon the idea that the canonical potential φ(ω/T ) is a monotonic function and all its derivatives are monotonic when interpolating between zero-point energy at low temperature and energy equipartition at high temperature; the monotonic behavior precludes the canonical potential from giving a preferred value for the ratio ω/T. Our second derivation of the Planck spectrum is based upon the requirement that the change in the Helmholtz free energy of the radiation in a partitioned box held at constant temperature should be a minimum at thermal equilibrium.
ideas which may be applied to thermal radiation. Our first derivation of the Planck spectrum is based upon the idea that the canonical potential φ(ω/T ) is a monotonic function and all its derivatives are monotonic when interpolating between zero-point energy at low temperature and energy equipartition at high temperature; the monotonic behavior precludes the canonical potential from giving a preferred value for the ratio ω/T. Our second derivation of the Planck spectrum is based upon the requirement that the change in the Helmholtz free energy of the radiation in a partitioned box held at constant temperature should be a minimum at thermal equilibrium.
Finally, the change in Casimir energy with change in partition position for the radiation in a partitioned box is shown to correspond at high temperature to the absence of zero-point energy when the spectral energy per normal mode is chosen as the traditional Planck spectrum which omits zero-point energy at low temperature; thus the idea of zero-point energy is embedded in the traditional Planck spectrum.
It is emphasized that thermal radiation is intimately connected with zero-point radiation and the structure of spacetime in classical physics.
I. INTRODUCTION A. False Claims in the Physics Literature
The physics literature claims that attempts to explain the blackbody spectrum within classical physics illustrate the breakdown of classical physics. [1] However, this claim that the blackbody spectrum cannot be explained within classical physics is simply erroneous.
There have been a number of valid derivations of the blackbody radiation spectrum within classical physics. [2] [3][4] [5] In the present article, we present two new derivations from thermodynamic points of view.
The claims in the physics literature that classical physics cannot explain the blackbody spectrum are a century out of date because they fail to consider the two crucial aspects needed for understanding the phenomenon. These missing aspects include: 1) the presence of classical electromagnetic zero-point radiation, and 2) the importance of special relativity.
The experimentally observed Casimir forces [6] [7] between conducting parallel plates indicate unambiguously the presence of classical electromagnetic zero-point radiation with a Lorentzinvariant spectrum. Of course, those physicists who prefer to discuss physics within the context of quantum theory will describe the Casimir forces in terms of quantum zero-point radiation. However, if one is working within classical theory, then the presence of Casimir forces requires the presence of classical electromagnetic zero-point radiation. [8] In order to fit the experimental data on Casimir forces, the spectrum of classical electromagnetic zeropoint radiation must be Lorentz-invariant, scale invariant, and indeed conformal invariant. [9] The one free parameter regarding classical zero-point radiation is the multiplicative scale factor which is chosen to fit the experimental data; the scale factor gives an energy per normal mode of (1/2) ω where ω is the angular frequency of the mode and is a numerical constant which takes the same value as Planck's constant.
B. The Influence of Classical Zero-Point Radiation
The presence of classical electromagnetic zero-point radiation will influence all phenomena to a greater or lesser extent. Since there is classical electromagnetic zero-point radiation present in the universe according to classical theory, then classical statistical mechanics (with its assumption that all motion stops at the absolute zero of temperature) is no longer valid because zero-point radiation drives all electromagnetic systems into random oscillation;
rather, classical statistical mechanics can be regarded as simply a large-mass-low-velocity approximation to thermal behavior where the influence of classical zero-point radiation is small. Accordingly, and contrary to what is claimed in the physics literature, the RayleighJeans law for thermal radiation is not the unique result of classical theory, but is merely the spectrum holding at long wavelength and low temperatures where zero-point radiation has small influence.
Starting from the presence of classical electromagnetic zero-point radiation, several derivations of Planck's spectrum for blackbody radiation have been given. These include discussion of the motion of a dipole oscillator in a box (analogous to the discussion of Einstein and Stern), [2] the treatment of thermal fluctuations above the zero-point fluctuations, [3] the use of free-particle diamagnetism in the large-mass-low-velocity limit when classical zeropoint radiation is present, [4] and use of a time-dilating conformal transformation of classical zero-point radiation in a Rindler frame. [5] C. Two New Derivations of the Blackbody Spectrum within Classical Physics
In the present article, we offer two new derivations of the blackbody radiation spectrum within classical physics based upon thermodynamic ideas. Both derivations depend upon the presence of classical electromagnetic zero-point radiation.
The first part of the thermodynamic analysis is used subsequently in both derivations.
We start by applying the first two laws of thermodynamics to a harmonic oscillator system and find that all the thermodynamic functions for the oscillator depend upon one unknown canonical potential function [10] φ(ω/T ) depending upon the single variable ω/T corresponding to the ratio of the harmonic oscillator frequency ω to the temperature T . The energy U(ω, T ) = −ωφ ′ (ω/T ) of the oscillator has zero-point energy and energy equipartition as its asymptotic limits, and the full thermal behavior corresponds to the interpolating function between these two limits. The interpolating function must be determined in connection with the extremum ideas of the second law of thermodynamics.
Our first derivation of the Planck spectrum for a harmonic oscillator is based upon the assumption of "thermodynamic smoothness," that the canonical potential function φ(ω/T ) is monotonic and that all its derivatives are monotonic, so as to remove the possibility of a preferred value for ω/T . The assumption about monotonic behavior sharply restricts the class of functions allowed in the interpolation, and it is possible to pick out the interpolation function from the restricted class of functions. The Planck spectrum indeed satisfies the required condition.
Our second derivation applies the minimum principle for the Helmholtz free energy to the thermal scalar radiation trapped in a one-dimensional box with a partition. If we choose a test interpolating function φ t (ω/T ) for a single radiation mode, then we can calculate the functional dependence for the change in the Helmholtz free energy (involving infinitely many modes in the box) for fixed temperature as the position of the partition is altered. We see that most interpolation functions φ t (ω/T ) for a mode do not satisfy the minimum principle for the Helmholtz free energy for the partition at the center of the box for a box of arbitrary length. However, we find that indeed the Planck spectrum satisfies the required minimum principle for all box lengths.
Finally, we calculate the change in Casimir energy for a partitioned box. We show that the traditional Planck spectrum which omits zero-point radiation at low temperature does not go over at high temperature to the expected Rayleigh-Jeans result. On the other hand, the full Planck spectrum which includes zero-point radiation at low temperature does indeed go to the Rayleigh-Jeans result at high temperature.
II. SECOND LAW OF THERMODYNAMICS AND ZERO-POINT ENERGY
A. The First and Second Laws of Thermodynamics Applied to the Harmonic
Oscillator
We start by considering the thermodynamics of the harmonic oscillator, since a small harmonic oscillator comes to equilibrium with thermal radiation at the same average energy as the radiation normal mode at the same frequency as the oscillator.
[11] Alternatively, we can think of a radiation mode as behaving like a harmonic oscillator.
Now the thermodynamics of a harmonic oscillator has only two thermodynamic variables T and ω, and takes a particularly simple form. [12] In thermal equilibrium with a bath, the average oscillator energy E is denoted by U = E = J ω, and satisfies dQ = dU + dW with the entropy S satisfying dS = dQ/T. Since J is an adiabatic invariant for the oscillator, [13] the work done by the system is given by dW = − J dω = −(U/ω)dω.
Combing these equations, we have dS = dQ/T = [dU − (U/ω)dω]/T. Writing the differentials in terms of T and ω, we have dS = (∂S/∂T ) ω dT +(∂S/∂ω) T dω and dU = (∂U/∂T )
Now equating the mixed second partial derivatives ∂ 2 S/∂T ∂ω = ∂ 2 S/∂ω∂T, we have
The general solution of this equation is
is an unknown function which corresponds to the average value J of the action variable of the oscillator. If we had equated the mixed partial derivatives of the energy, then we find the equation (∂S/∂ω)
which has the general solution S(ω, T ) = g(ω/T ) where g is an arbitrary function. The information provided by the second law of thermodynamics is that there is a single function φ(ω/T ) corresponding to the canonical potential function [10] which gives the Helmholtz free energy as
the average oscillator energy as
and the entropy as
Thus the thermodynamics of the harmonic oscillator is determined by one unknown function φ(ω/T ). When applied to thermal radiation, the result obtained here purely from the first and second laws of thermodynamics corresponds to the familiar Wien displacement law of classical physics.
B. Possibility of Zero-Point Energy and Zero-Point Radiation
The energy expression (2) for a harmonic oscillator (or an electromagnetic radiation mode) in thermal equilibrium allows two limits which make the energy independent from one of its two thermodynamic variables. When the temperature T becomes very large so that the ratio (ω/T ) is small, the average energy U of the mode in Eq. (2) becomes independent of the frequency ω provided φ
This is the familiar high-temperature limit where we expect to recover the Rayleigh-Jeans equipartition limit. Therefore we choose this constant as const 1 = k B corresponding to Boltzmann's constant. With this choice, our thermal radiation now goes over to the Rayleigh-Jeans limit for high temperature or low frequency.
In the other limit of small temperature where the ratio ω/T is large, the dependence on temperature is eliminated provided φ ′ (ω/T ) → −const 2 , so that
At this point, any theoretical description of thermal radiation involves a choice, which should be based on experimental observation. If we choose this second constant to vanish, const 2 = 0, then this limit does not force us to introduce any constant beyond Boltzmann's constant, which entered for the high-temperature limit of thermal radiation. On the other hand, if
we choose a non-zero value for this constant, const 2 = 0, then we are introducing a second constant into the theory of thermal radiation, which constant has different dimensions from those of Boltzmann's constant. The units of this new constant const 2 correspond to energy times time. Furthermore, the choice of a non-zero value for this constant means that at temperature T = 0, there is random, temperature-independent energy present in the harmonic oscillator. If this harmonic oscillator has electromagnetic interactions, it must be in equilibrium with the radiation in the thermal bath, and therefore random zero-point radiation must be present in the system. This random radiation which exists at temperature T = 0 is classical electromagnetic zero-point radiation.
We emphasize that thermodynamics allows classical zero-point radiation within classical physics. The physicists of the early 20th century were not familiar with the idea of classical zero-point radiation, and so they made the assumption const 2 = 0 which excluded the possibility of classical zero-point radiation. In his monograph on classical electron theory, Lorentz [14] makes the explicit assumption that there is no radiation present at T = 0. Today, we know that the exclusion of classical zero-point radiation is a poor choice. However, the current textbooks of modern physics continue to present only the outdated, century-old view. [1] Once the possibility of classical zero-point radiation is introduced into classical theory, one looks for other phenomena where the zero-point radiation will play a crucial role. In particular, the Casimir force [6] between two uncharged conducting parallel plates will be influenced by the presence of classical electromagnetic zero-point radiation. By comparing theoretical calculations with experiments, one finds that the scale constant for classical zero-point radiation appearing in Eq. (5) must take the value const 2 = 1.05 × 10 −34 Joulesec. However, this value corresponds to the value of a familiar constant in physics; it corresponds to the value /2 where is Planck's constant. Thus in order to account for the experimentally observed Casimir forces between parallel plates, the scale of classical zeropoint radiation must be such that const 2 = /2, and for each normal mode, the average energy becomes
We emphasize that Planck's constant enters classical electromagnetic theory as the scale factor in classical electromagnetic zero-point radiation. There is no connection whatsoever to any idea of quanta. Many physicists are misled by the textbooks of modern physics and regard Planck's constant as a "quantum constant." [15] This is a completely misleading idea. A physical constant is a numerical value associated with certain aspects of nature; the constant may appear in several different theories, just as Cavendish's constant G appears in both Newtonian physics and also in general relativity. Indeed, Planck's constant h = 2π
was introduced into physics in 1899 before the advent of quantum theory. [16] Planck's constant can appear in both classical and quantum theories.
III. DERIVATION OF THE PLANCK SPECTRUM BASED UPON THE IDEA OF THERMODYNAMIC SMOOTHNESS
A. Choosing Constants Such that k B = 1 and = 1
When dealing with the thermodynamics of the harmonic oscillator, it is convenient to absorb Boltzmann's constant k B into the definition of temperature and to absorb Planck's constant into the definition of frequency. [17] In this convention, the two constants become const 1 = 1 and const 2 = 1/2. In the thermodynamic review above, we see that the thermodynamics of the harmonic oscillator, and therefore of the blackbody radiation spectrum is determined by one unknown function φ(z) where z = ω/T which has the asymptotic limits for its derivative given by
The function φ itself then has the asymptotic limits determined by integrating once, giving
plus possible constants.
B. Thermodynamic Smoothness Applied to the Harmonic Oscillator
In obtaining the results in Eqs. (7) and (8), we have used the first and second laws of thermodynamics including the idea of an entropy function S which is a state function.
However, the analysis does not include the concept that the entropy function assumes a maximum value associated with stability. This stability idea includes the notion of thermodynamic smoothness which demands that the canonical potential for the oscillator does not distinguish any frequency ω at a given temperature T, nor any temperature at a given frequency. At a minimum, the notion of smoothness demands that any interpolation function φ(ω/T ) = φ(z) for the canonical potential of the oscillator is monotonic and all its derivatives are monotonic; the monotonic behavior prevents a single value for ω/T from being distinguished by the canonical potential. Now the set of functions which are monotonic and all of whose derivatives are monotonic is extremely limited. The set includes x, e x , sinh x, cosh x, tanh x, their inverses and powers. In particular, we notice that the hyperbolic sine function has the asymptotic limits 2 sinh(z/2) → z for z → 0 while 2 sinh(z/2) → e z/2 for z → ∞
But this looks like exactly the exponentiation of the interpolation limits in Eq. (8) which we required for the canonical potential function φ(z). This suggests that the needed smooth interpolation function φ P zp is given by
We can check that φ P zp (z) given in Eq. (10) is indeed monotonic and all its derivatives are monotonic. The function φ P zp (z) is clearly monotonic since both ln x and sinh x are monotonic for 0 < x. The first derivative of φ P zp (z) is
This function also is monotonic, and, since coth x = 1/x + x/3 − x 3 /45 + 2x 5 /495 − ... → 1/x for x → 0, while coth x → 1, for x → ∞; thus we see that φ ′ P zp (x) in Eq. (11) has asymptotic limits in agreement with Eq. (7).
It is clear that we need to prove that all the derivatives of coth x are monotonic. One method of proof uses an exponential expansion,
which involves a constant function and then a sum of functions all of which are monotonically decreasing, so that the function is monotonically decreasing in z. By the ratio test, the series is absolutely convergent since 0 < e −z < 1 for 0 < z. The second derivative gives
and again all of the terms are of the same (negative) sign, and all are monotonically decreasing in magnitude so the that function is monotonically increasing. Again by the ratio test, the series is absolutely convergent since 0 < [(n + 1)/n]e −z < 1 for sufficiently large n for fixed z, 0 < z. Indeed, it is easy to see that the pattern is repeated upon further differentiation, so that the series expansion in terms of exponentials is absolutely convergent by the ratio test and all derivatives of the canonical potential −φ P zp (z) are monotonic.
C. Smooth Interpolation Gives the Planck Function
Now the canonical potential φ P zp for the harmonic oscillator which we have obtained in Eq. (10) by assuming monotonic behavior between the asymptotic limits is exactly that corresponding to the Planck formula including zero-point energy. The Helmholtz free energy F P zp corresponding to the Planck spectrum with zero-point energy for a harmonic oscillator or a radiation mode of frequency ω is given by
The associated energy U P zp (ω, T ) follows as
and the entropy S P zp (ω/T ) as
The zero-point energy actually makes no contribution to the entropy S P zp since in the limit
D. Entropy as a Monotonic Function of
Since the first law of thermodynamics requires that the entropy S(ω/T ) for a harmonic oscillator is a function of the single variable ω/T, and also the energy of the oscillator is given by U = −ωφ ′ (ω/T ) as in Eq. (2), it follows (by using the inverse function of φ ′ (ω/T )) that the oscillator entropy S can also be regarded as a function of the single variable U/ω;
The variable U/ω runs from the constant value U/ω → 1/2 when ω >> T, to the value U/ω → T /ω when T >> ω. We expect the oscillator entropy to be a monotonically increasing function of temperature. Furthermore, the entropy should not distinguish any preferred value of U/ω. Thus we expect that the oscillator entropy should be a monotonic function of U/ω and all its derivative should be monotonic functions of U/ω. Indeed for the Planck relation given in Eq. (10), we can use the fact that the inverse function for
where y = U/(ω/2) and z = ω/T to obtain
By direct differentiation of the expression in Eq. (19) , it is easy to show that the Planck oscillator entropy S P zp in Eq. (19) is indeed a monotonic function of U/ω and all the derivatives are monotonic functions.
This concludes our first derivation of the Planck blackbody spectrum based upon thermodynamic ideas. For this derivation, we have discussed merely the thermodynamics of a harmonic oscillator. For the second derivation of the blackbody spectrum, we need to discuss radiation explicitly.
IV. RELATIVISTIC SCALAR FIELD THEORY IN ONE SPATIAL DIMENSION A. Valid Thermodynamic Systems
Blackbody radiation is the random radiation in an enclosure which is stable under scattering. For a system involving radiation, there are infinitely many normal modes of oscillation for the radiation so that the radiation must be treated in the context of a relativistic field theory.
In order to understand blackbody radiation, we must choose models which do not violate the principles of thermodynamics. There are several models mentioned in the literature which obviously do violate the laws of thermodynamics. The use of a Maxwell demon is the most famous example. However, the use of nonrelativistic statistical mechanics with its energy equipartition for each harmonic oscillator mode obviously violates the laws of thermodynamics when applied to thermal radiation since it gives an ultraviolet divergence for the energy. Similarly, using a nonrelativistic nonlinear dipole oscillator as a radiation scatterer also violates the laws of thermodynamics when applied to thermal radiation since the oscillator scatters the radiation toward the equipartition result. [19] Although most physicists repeat the claim that these thermodynamic failures arise due to the use of classical rather than quantum physics, it has been suggested repeatedly and with ever more convincing evidence that, insofar as classical physics is concerned, the failure involves the invalid use of nonrelativistic physics together with a relativistic radiation system. [20] The naive combination of nonrelativistic and relativistic physics leads to systems which violate the laws of physics. Indeed, if we consider lifting a nonrelativistic harmonic oscillator system within a relativistic accelerating Rindler frame, it is easy to show that this mixture of nonrelativistic and relativistic physics violates the laws of thermodynamics. In order to have a valid thermodynamic system for relativistic radiation, we must insist that the interactions of the radiation system do not violate any aspects of relativity.
In our next derivation of the blackbody radiation spectrum, we will use ideas which are usually associated with Casimir forces. We will consider the thermodynamic system involving relativistic radiation in one spatial dimension in a box which contains a partition.
The radiation and boundary conditions provide a fully relativistic system.
B. Scalar Field Theory
For simplicity of calculation, we will use relativistic scalar radiation in one spatial dimension. The Lorentz-invariant spacetime interval is ds 2 = g µν dx µ dx ν with indices µ = 0, 1, and
The Lagrangian density for the massless scalar field ϕ is given by
the stress-energy-momentum tensor density is
giving energy density
and momentum density
The equation of motion for the field corresponds to
If we choose to express the field ϕ(ct, x) in a box running from x = a to x = b as a sum over normal modes which vanish at the ends (Dirichlet boundary conditions), then
where (using the orthogonality of the spatial normal mode functions) the amplitude q n of the nth normal mode satisfies the differential equation
with
This same frequency relation (27) arises if we require that the first spatial derivatives of the field vanish at the ends of the box (Neumann boundary conditions), so that a cosine function replaces the sine function in Eq. (25) . On the other hand, if we choose to express the field ϕ(ct, x) in terms of normal modes vanishing at x = a (Dirichlet boundary conditions) but with first spatial derivative vanishing at x = b, (Neumann boundary conditions) then
where the amplitude q n again satisfies the harmonic oscillator differential equation (26), but the frequency is now
When the boundary conditions (Dirichlet or Neumann) are the same at both ends of the box, we speak of "like boundary conditions;" if the Dirichlet boundary conditions are used at one end of the box and Neumann boundary conditions at the other, we speak of "unlike boundary conditions." The energy of the radiation in the box is given by
Thus each normal mode of the radiation field behaves like a harmonic oscillator.
V. DERIVATION OF THE PLANCK SPECTRUM BASED UPON THE HELMHOLTZ FREE ENERGY FOR RADIATION IN A PARTITIONED BOX A. Thermal Radiation in a Box
The simple harmonic oscillator equation of motion in (26) can be solved as q n (t) = f n cos(ω n t − θ n ) where f n gives the amplitude of the oscillation and θ n gives the phase. In the case of thermal radiation in a box, the phases θ n of the normal modes of oscillation are completely uncorrelated so that we may write the radiation field as
where the phases θ n are random variables which are independently distributed for each normal mode n. Thus when averaged in time or averaged over the random phases, the averages involve
The amplitudes f n of the normal modes take values which are characteristic of the frequency ω n of the mode and the temperature T of the box. Thus for thermal radiation, the average energy density u n (x) of each normal mode ϕ n (cx, t) contributes separately to the average energy density in the box, corresponding to
Thus the average energy density is uniform across the box for each normal mode, and the average total energy is given by
B. Classical Zero-Point Radiation in a Partitioned Box
The spectrum of zero-point energy corresponds to an average energy per normal mode given by U zp (ω) = (1/2) ω. Since we are using units where = 1, the zero-point energy 
Since we are dealing with divergent quantities, we introduce a temporary high-frequency cut-off; after finding the change in zero-point energy for the situation including the cut-off, we then take the no-cut-off limit. In our calculation, we also introduce a parameter s so as to treat both the like-and unlike-boundary conditions at the same time. Specifically, the change in zero-point energy for the partitioned box with a cut-off parameter Λ is [22] 
where the parameter s = 0 or s = 1/2. In the no-cut-off limit Λ → 0, the change in zero-point energy becomes
If both the walls and partition require Dirichlet boundary conditions for the field, (corresponding to the frequency in Eq. (27) and s = 0 in Eqs. (37) and (38)), then the initial coefficient in Eq. (38) is negative
In this case, the partition is attracted to the ends of the large box. This same zero-point energy arises when Neumann boundary conditions are applied for both the ends of the box and the partition, ∆U 
and the partition is repelled by the ends of the large box. We can also take the limit L → ∞ We can also calculate the change in the radiation energy stored in the box for the limit of high temperature where the thermal spectrum is expected to approach energy equipartition
Since we are using units where k B = 1, this corresponds to U(ω, T ) → T.
The calculation is carried out in the same style as for zero-point radiation except that the energy per normal mode is different. Thus analogous to Eq. (37), we have
In the no-cut-off limit Λ → 0, we find
irrespective of the boundary conditions.
We notice that the basic form of the energy changes in these two limiting situations of zero-point radiation (Eqs. (39)- (42)) and of the Rayleigh-Jeans spectrum (Eq. (44)) might be suggested from scaling or dimensional considerations alone. Each piece U(x, T ), For the Rayleigh-Jeans spectrum where U RJ (ω, T ) = T, the energy must depend upon the temperature T , but there is no connection between length and temperature. Furthermore, when calculating the change of energy ∆U, we must introduce a cut-off ω cut−of f in frequency and make the subtractions before taking the cut-off frequency to infinity. However, if ω cut−of f is the cut-off frequency, then the number n x of modes of frequency lower than the cut-off frequency for a box of length x is n x πc/x = ω cut−of f , while the number of radiation modes below the cut-off frequency for the part of the box on the other side of the partition is such that n L−x πc/(L − x) = ω cut−of f . Therefore the total number of modes entering when the partition is located at position x is
which is independent of the position x of the partition. If each mode makes the same energy contribution (as is the case for the Rayleigh-Jeans spectrum), then on subtraction of the energy when the partition is half-way across the box, the change of energy ∆U RJ vanishes.
In the case of zero-point radiation, the normal mode energies do indeed depend upon the frequencies ω n of the normal modes, and so the energy change is nonvanishing, and indeed scales as an inverse distance as seen in Eqs. (39)- (42).
D. Thermodynamic Minimum Principle for the Helmholtz Free Energy
The radiation in a partitioned box can be regarded as the working substance for a thermodynamic system involving length parameters x and L (analogous to volume) and temperature T. For a fixed length L and temperature T, the Helmholtz free energy achieves its minimum value at thermal equilibrium. For the case of unlike boundary conditions (where the radiation satisfies Dirichlet boundary conditions at the ends of the box but Neumann boundaries at the partition), the situation at zero temperature involves a repulsion of the partition from the walls so that thermal equilibrium corresponds to the partition being located in the middle of the box at x = L/2. In this situation of zero-temperature, the Helmholtz free energy F = U −T S equals the energy since the entropy vanishes at zero temperature. From
Eq. (40), we see that the energy is indeed a minimum for the partition in the middle of the box. For finite non-zero temperature, we expect that the equilibrium position is still in the center of the box, but the change in the Helmholtz free energy at other positions will be modified compared to that for zero temperature. In every position x and for any total box length L, the change in the Helmholtz free energy for constant temperature must provide the pressure which moves the partition invariably toward its thermal equilibrium position at the center of the box. [23] This requirement places an enormous restriction on the functional form of the energy U n (ω n , T ) per normal mode of frequency ω n . Taken together with the asymptotic limits U(ω, T ) → ω/2 for ω >> T and U(ω, T ) → T for T >> ω, the minimum Helmholtz free energy condition is sufficient to determine the allowed spectrum of blackbody radiation. We simply assume a test functional form φ t (ω/T ) for the canonical potential of a radiation normal mode (which is the same as the canonical potential for a harmonic oscillator discussed above) which satisfies the asymptotic limits in Eq. (8) . This test potential φ t (ω/T ) then determines the Helmholtz free energy F tn (ω n , T ) of each normal mode as F tn (ω n , T ) = −T φ t (ω n /T ), where the frequency ω n is related to the length of the box as in Eq. (29) Then we proceed to calculate the change in Helmholtz free energy ∆F t (x, L, T )
as a function of x for the radiation in the partitioned box of length L,
Only if the Helmholtz free energy ∆F t (x, L, T ) so obtained is a smooth monotonic function which reaches its minimum at x = L/2 for all box lengths L, do we have a possible choice for the spectrum of blackbody radiation.
In the calculations, it seems easiest to first separate off the divergent zero-point energy,
calculate the change in the remaining convergent series, and then add back the change in Helmholtz free energy which is associated with the zero-point energy. Numerical calculation easily shows that the Planck formula including zero-point radiation given in Eq. (10) leads to a change in Helmholtz free energy at fixed temperature which meets all the required conditions. In Fig. 1 , we give a graph of the change in the Helmholtz free energy ∆F P zp (x, L, T ) for a box of total length L = 5, and temperatures T = 0, 1, 3. The Planck formula indeed satisfies the "minimum" behavior for the Helmholtz free energy which is required by thermodynamics.
On the other hand, for all the test functions φ t (ω/T ) which met the asymptotic conditions on the canonical potential but which departed from the Planck formula, it was easy to show that the change in Helmholtz free energy associated with these functions did not provide a monotonic function of x for some total box length L. In Fig. 2 , we give a graph of the test It is our conclusion, that thermodynamic arguments provide a basis for the derivation of the blackbody radiation spectrum.
VI. ZERO-POINT ENERGY IS EMBEDDED IN THE TRADITIONAL PLANCK SPECTRUM
A. The Traditional Planck Spectrum Omits Zero-Point Radiation
All textbooks of modern physics and most physicists present the Planck spectrum without including the zero-point radiation part. [1] Thus the Planck energy for a harmonic oscillator is usually given as
Planck's determination of the blackbody spectrum followed the experimental work of Lummer and Pringsheim [24] which measured the random radiation of a source which was above the random radiation surrounding the detector; the zero-point radiation which surrounded a source also surrounded the detector and so was not measured. It is only recently that we have experimental measurements of Casimir forces [7] which measure all the radiation surrounding the parallel plates.
Because the traditional Planck formula in (47) omits the zero-point radiation, discussions of the blackbody radiation usually make no reference to zero-point radiation. On the other hand, all the derivations of the blackbody radiation spectrum within classical physics depend crucially upon the presence of zero-point radiation. In the present article, we have given the basis for two derivations of the blackbody spectrum making use of thermodynamic ideas, and the existence of zero-point radiation in the low-temperature asymptotic limit is crucial to the discussions. According to the traditional Planck formula in Eq. (47), the high-temperature limit for the energy of a harmonic oscillator of frequency ω does not go over fully to the equipartition value k B T , but rather retains a finite correction (1/2) ω associated with the absence of the zero-point energy contribution. Thus for k B T >> ω, we have from Eq. (47)
This failure of the equipartition limit does not seem to bother physicists. However, the failure of this limit becomes glaringly obvious if we calculate the change in Casimir energy ∆U P associated with the use of the traditional Planck formula; the large equipartition k B T in Eq. (48) makes no contribution to ∆U P leaving only the negative zero-point result.
The Casimir energy change takes its simplest form when the total length L of the box goes to infinity, L → ∞. This is seen for the zero-temperature case in the transition from Eqs. (39) and (40) over to Eqs. (41) and (42). We will take the case where Dirichlet boundary conditions are applied at both the walls and the partition so that the frequencies of the radiation normal modes are given in (27) .
The thermal energy U P (x, T ) follows from the Euler-Maclaurin summation formula, [26] n−1 k=1
where R is a remainder term and the coefficient terms involve the same Bernoulli numbers B n as appear in a power-series expansion of the Planck formula. [27] For the traditional Planck formula in Eq. (47), we have for the thermal energy U P (x, T ) in the box of length
Thus the change in the thermal energy ∆U P (x, T ) associated with the partition position x in the limit L → ∞ becomes
Now introducing the Euler-Maclaurin expansion for a finite-length box given in Eq. (50) into Eq. (51), we have
provided that the the remainder R in the Euler-Maclaurin summation formula is small. the Planck spectrum including zero-point energy ∆U P zp (x, T ), b) the traditional Planck spectrum without zero-point energy ∆U P (x, T ), and c) zero-point energy ∆U zp (x). It is clear that the energy change for the traditional Planck formula which omits zero-point energy goes over to the negative of the change of zero-point energy at large values of xT.
On the other hand, the Planck formula which includes zero-point energy approaches zero extremely rapidly at large values of xT. This vanishing change of energy is consistent with the Rayleigh-Jeans spectrum as the high-temperature limit of the blackbody spectrum where ∆U RJ (x, T ) = 0. In the high-temperature Casimir energy changes, we see clear evidence that the idea of zero-point energy is embedded in the traditional Planck formula despite the explicit removal of the zero-point energy from the low-temperature limit.
VII. DISCUSSION: CONNECTIONS BETWEEN THERMAL RADIATION, ZERO-POINT-RADIATION, AND SPACETIME STRUCTURE
The Planck spectrum of thermal radiation within classical physics is intimately connected with the spectrum of classical zero-point radiation and with the structure of spacetime. This striking idea seems rarely appreciated among physicists today. In the past, this connection has been derived using non-inertial coordinate frames. Specifically, it has been shown that the correlation function for the zero-point radiation fields depends only upon the geodesic separation between the spacetime points where the correlation function is evaluated. [25] In Minkowski spacetime, [9] for example, the field correlation functions depend upon the
Furthermore, thermal radiation can be derived from zero-point radiation by the use of a time-dilating conformal transformation in a non-inertial frame. [5] In the present work, we point out that the use of thermodynamic ideas in connection with classical zero-point radiation leads naturally to the Planck spectrum for blackbody radiation, for both an individual radiation mode and for the Casimir energy change for radiation in a partitioned box. The Planck spectrum appears if one requires that the interpolation between the zero-point energy at low temperature and the equipartition energy at high temperature is thermodynamically smooth in the sense that the canonical potential function φ(ω/T ) (which for an oscillator depends upon one variable) is monotonic and all its derivatives are monotonic so that no preferred value of ω/T is singled out. Also, the Planck spectrum appears if one uses these same asymptotic limits for a single radiation mode but requires that at fixed temperature the Helmholtz free energy in a partitioned box assumes its minimum value at thermal equilibrium. In addition, the zero-point energy is embedded even in the traditional Planck spectrum which omits zero-point energy as the low temperature limit;
the zero-point energy reappears in the high-temperature limit for both a single oscillator (or radiation mode) and also for the change in Casimir energy for radiation in a partitioned box.
Indeed, thermal radiation, zero-point radiation, and spacetime structure are all related. a) The solid curve corresponds to temperature T = 0. b) The dashed curve is for T = 1.
c) The dotted curve is for T = 3. The curves show a monotonic decease toward 0 at the middle of the box x = 2.5, consistent with thermodynamic requirements. a) The solid curve curve corresponds to the energy change for zero-point energy at zero temperature. b) The dashed curve is for T = 1. c) The dotted curve is for T = 3.
The curves for temperature T > 0 do not show monotonic behavior and so violate the thermodynamic requirements. Therefore the assumed test canonical potential φ t cannot correspond to thermal radiation. The dashed curve gives the thermal energy change ∆U P (x, T ) at T = 1 following from the traditional Planck spectrum in Eq. (47) (which omits zero-point energy) for each mode. c)
The dotted curve gives the zero-point energy change ∆U zp (x) in Eq. (41). For xT >> 1, the traditional Planck spectrum without zero-point energy gives a change in energy ∆U P which is the negative of the zero-point energy change ∆U zp . For xT >> 1, only the full Planck spectrum with zero-point energy goes over to the expected energy change ∆U RJ (x, T ) = 0 holding for the Rayleigh-Jeans spectrum.
